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Dynamical System — Behvaior

b =oly— )

y=z(p—2)—y ;

Z=uxy— Pz
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Data — Dynamical System
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Sparse Identification of Nonlinear

Dynamics (SINDy)

(1) Collect data (X) and derivatives (X)
(2) Construct function library ©(X)

(3) Solve sparse regression problem X = O(X)E
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Data

X;(h) z1(t1)  wa(tr)
X _ X .(tQ) _ $1(:t2) $2(.t2)
xT () 21 (tm)  2(tm)
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Derivatives

i () 1(th)  da(h)
% — X :(tQ) _ $1(:t2) IQ(:t2)
X7 (tn) @1(tm) F2(tn)
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Function Library

I | |
OX)= |1 X X X ... sin(X) cos(X)
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Function Library

OX)= |1 X X X sin (X) cos (X)
I | | |
wi(t)  w(t)w(ty) ry(t)an(t)  w5(t) o (t1)
N E CREATCOERCY 21(t2)za(ts)  3(t2) 7 (t2)
Ti(tm) w1(tm)v2(tm) 21 (tm)Tn(tm) x%(tm) xi(tm)

Discovering governing equations from data | Theo Rode
Page 9



Function Library

0(X) = J )’( X X|P3 o+ sin(X) cos (X)
. | |
s?n(ml(zl)) s%nEmQEilgg . smEanilgg
in (X) = 8111(3331( 2)) sin acg 2 sin xn 2
sin(zq(ty,)) sin(xe(ty)) -+ sin(x,(tn))
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Function Library

#i(t) = fi(x(t)) = a191(x(1)) + a2ga(x(t)) + - - - + argr(x(t))
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Function Library

#i(t) = fi(x(t)) = a191(x(1)) + a2ga(x(t)) + - - - + argr(x(t))

g1(x(t1))  ga(x(t1) gr(x(t1))
O(X) = gi1(x(t2)) g :(752)) g (X:(tz))
91(X(tm))  g2(x(tm)) gr(x(tx))
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Sparse Regression
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Sparse Regression

function sparse_regression(Theta, Xdot, lambda, kmax)

Xi = ThetalXdot # create initial guess for Xi as just regression
for _ in 1:kmax
# find coefficients that are less than lambda
small_coefficients = abs.(Xi) .< lambda
Xi[small_coefficients] .= 0 # set small coefficients to O

# now individually run regression on non-zero coefficients
for n in 1:(size(Xdot)[2]) # loop through all state dimensions
nonsmall = .!small_coefficients[:, nl]

Xi[nonsmall, n] = Thetal:, nonsmall]\Xdot[:, n]
end # for n
end # for k
Xi
end # function sparse_regression
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Sparse Regression Result

E=[G & - &

&in
&iz2

&= = @y(t) = &g (x(1) + &i292(x(1)) + - - - + S g (x(1))

Eik

Most gi,j =0.
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Lorenz System

=0y —x)
y=z(p—z)—y
Z=uxy— Bz
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Found Lorenz Systems

Actual

& =10(y — ) & =9.976y — 9.947x & = 9.838y — 9.806x & = 7.144y — 7.004x

y=a(28-2)-y § = 27.041z — 0.976zz — 0.669y  y = 25.912z — 0.946zz — 0.433y 7§ = 14.982z — 0.635z2 + 1.537y

z=uay—(8/3)z 5 = 0.996zy — 2.6502 5= 0.982zy — 2.6132 5 =0.839zy — 2.151z — 2.153
Fyer = 0.00136 Faer = 0.00349 FEgqer = 0.10119
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SINDy and Bifurcations

x = f(x;p)
=0
Xuo
X = X,’“
th
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The Hopf Normal Form

&= pr —wy — Av(z? + )
§=wr + py — Ay(a® + y?)
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Found Hopf Bifurcation
Actual n = 0.005

0.50 0.50
0.25 0.25
8 8
0.00 0.00
-0.25 -0.25
-0.50 \/152»0 ~0.50 1520
=02 o7 0550 =02 o7 050"
0.0 01 3=0%0 00 0T 57080
H v 13 Y
&= px —y—a(2® +y?) i = —0.957y + 0.908ux — 0.8882° — 1.303zy>
§=a+py —y@@®+v?) +0.769uxy* — 0.7231 2%y

7 = 0.966z 4 0.961uy — 0.927yz” — 0.962y°

Eger = 2.682 x 1076
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Concluding Thoughts

e SINDy demonstrates performance in qualitative dynamics recovery

 Concerns over stability with noise and parameters (how do we choose
good basis/parameters?)

e Active learning?
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